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Abstract

This project investigates the application of time-splitting spectral methods to numerically solve
the time-dependent Schrödinger equation in the semi-classical regime, characterized by a small-
scaled Planck constant ε. Heavily built upon and discussing results from Bao, Jin and Markowich
2002, we provide an analysis of these methods, including their derivation, numerical stability,
and convergence properties. The study derives key theoretical results, such as the conservation of
mass/total charge, order of convergence for the Lie and Strang splitting methods, and extends their
application to two-dimensional problems. Through computational experimentation, we validate the
theoretical findings, demonstrating the methods’ ability to capture complex phenomena, such as
caustics and singularities, with high accuracy for spatial and temporal step sizes of O(ε).
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Chapter 1

Introduction

The Schrödinger equation is of great interest in Physics and Engineering, since it is used to model
lasers, semiconductors, Bose-Einstein condensates [BT03], molecular dynamics and other physical
problems with important quantum features. Here we will be concerned with the so-called semi-
classical scaling of the equation, which is natural in many of these applications.

We are looking for a function u(x, t) such that

iε
∂u

∂t
+
ε2

2

∂2u

∂x2
− V (x)u = 0,

with periodic spatial boundary conditions and a temporal initial condition. This is a linear, one-
dimensional, initial-and-boundary value problem.

There are only a finite number of idealised physical states for which the equation above can be
solved analytically, a few of which are explored in [GM97]. These systems are of great use when
understanding quantum mechanics and the Schrödinger equation, but very often, numerical solu-
tions are the only way forward.

At the same time, its numerical solution is challenging, because the solution u(x, t) has oscillations
of wavelength O(ε) in both time and space. This results in finite-difference methods such as the
Crank-Nicholson method needing a spatial time step h = o(ε) in order to resolve the oscillations.
A family of methods that is known to perform well for problems of this form is the time–splitting
spectral methods.

This project is based on, and will re-derive many of the results from [BJM02]. However, the aim is
to present these results to an audience less familiar with numerical analysis and quantum mechanics.

In Chapter 2, we begin by introducing the Schrödinger equation and its semi-classical scaling,
followed by conservation results that will inform the numerical methods discussed later. We then
define general splitting methods and explore their associated convergence rates in Chapter 3. Chap-
ter 4 follows by applying splitting methods to the semi-classical Schrödinger equation in the time
domain, and Chapter 5 fully discretizes the method using a spectral method in space. Finally, in
Chapter 6, we perform a series of computational experiments to validate the method’s effectiveness
and assess its order of convergence.
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Chapter 2

The Schrödinger Equation

2.1 Quantum background for mathematicians

Quantum physics is a physical theory of atomic and sub-atomic particles. The fundamental dif-
ference between quantum and classical physics is that quantum physics can only give probabilities
rather than exact predictions. This is often formulated in the language of wave functions.

The wave function ψ of a single non-relativistic quantum particle with mass m in a potential V (x, t)
follows the time-dependent Schrödinger equation (TDSE)

ℏ2

2m

∂2ψ

∂x2
+ iℏ

∂ψ

∂t
− V (x, t)ψ = 0. (2.1)

Wave functions are auxiliary functions from which physical quantities called observables, such as
position density, probability current, and energy, are calculated.

For example, the position density is defined as n(x, t) = |ψ(x, t)|2, the squared modulus of the
wave function. This is a probability density function for the position of the particle. We will also
consider the current density, also known as the probability flux or probability current, J(x, t) =
ℏ
m Im

(
ψ(x, t)∇ψ(x, t)

)
.

Since quantum physics governs the behaviour of very small things, then in order for this to be a
physically consistent theory, we should expect that as mass and distance scales become large, a
quantum system’s behaviour will tend to that of its classical counterpart. It can be shown that an
appropriate rescaling of variables is equivalent to ℏ → 0.

The asymptotic treatment of the Schrödinger equation with ℏ → 0 is known as ”semi-classical”, or
the “semi-classical regime”.

Sometimes this is called the WKB limit rather than the semi-classical limit, after the
Wentzel–Kramers–Brillouin method used to derive asymptotics for the time-independent
Schrödinger equation (TISE) in the semi-classical limit. See [Wil24, Chapter 5] for more infor-
mation on this topic.

It can be shown that, through some rescalings of the space and time variables of the form x→ Lx
and t → L

v t for fixed positive parameters L and v, we can arrive at the semi-classical Schrödinger
equation. See Appendix A.1 for further information on the derivation of the semi-classical Schrödinger
equation.
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We are looking for a function u(x, t) with x ∈ [a, b], t > 0 such that

iε
∂u

∂t
+
ε2

2

∂2u

∂x2
− V (x)u = 0

u(a, t) = u(b, t)

∂u

∂x
(a, t) =

∂u

∂x
(b, t) ∀t

u(x, t = 0) = u0(x)


t > 0, x ∈ [a, b]. (2.2)

The small parameter ε is the (rescaled) Planck constant, V is a given scalar potential, u0 is a given
initial condition, and i denotes the complex unit (i =

√
−1). This is a linear one-dimensional initial

value problem with periodic spatial boundary conditions.

2.2 Notation, definitions & assumptions

• We define Cs(R) (Cs for simplicity), s > 0 as the set of all one-variable functions that are s
times continuously differentiable in R. C(R) (C for simplicity) denotes the set of continuous
functions on R, while C∞ is the set of infinitely differentiable functions on R, also known as
smooth functions. Similarly, we define Cs,r when classifying multivariate functions.

• A function v ∈ Cs(R) is called (b−a)–periodic if
dnv

dxn

∣∣∣∣
x=a

=
dnv

dxn

∣∣∣∣
x=b

for all 0 ≤ n ≤ s. Note

that
d0v

dx0
:= v(x).

• For problem (2.2), we also assume the following:

1. V and u0 are C∞ and (b− a)–periodic.

2. u0 : R → C.

3. V : R → R≥0.

Furthermore, let v, w ∈ C(R) be (b − a)–periodic, complex-valued functions (v, w : R → C). We
define the L2 inner product on (a, b) as:

⟨v, w⟩ =

b�

a

v(x)w(x) dx, (2.3)

where w denotes the complex conjugate of w. The L2-norm of v on the interval (a, b) is defined as

∥v∥L2 := ⟨v, v⟩
1
2 =

 b�

a

|v(x)|2 dx


1
2

.

Note:

• ∥v∥L2 is always real, since the integrand |v(x)|2 is non-negative and real everywhere.

• If u = u(x, t), then ∥u∥L2 is a univariate function of t, since the x dependence is “integrated
out”.
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2.3 Conservation of mass for the Schrödinger equation

It is clear that if the Schrödinger equation is a physical equation, it should follow some conservation
of mass law. It will be useful to go through the general proof of conservation of mass since this will
come up later when showing that splitting methods retain this invariance.

The conservation of mass for a quantum particle with wave function u(x, t) is the honesty condition
for its position density function, since if the mass is conserved, the particle must be somewhere.
The p.d.f. of the position n(x, t) is defined as

n(x, t) =
d

dx
P(X ≤ x) := |u(x, t)|2 = u(x, t)u(x, t),

for the random variable X, the position of the particle. Therefore, the honesty condition is equiv-
alent to

∥u(x, t)∥2L2 = 1 ∀t.

Note that if u is a solution to (2.2), then so is any rescaling Au, so all we need to show is that
d
dt ∥u(x, t)∥L2 = 0, since we can always normalize our wave function later.

First, we will prove some auxiliary lemmas to help with the proof for conservation of mass.

Lemma 2.1. Let v ∈ C1,1(R × R) (v = v(x, t)) be a (b − a)–periodic function with respect to the
spatial (first) variable. Then,

Re

b�

a

v(x, t)
∂v

∂t
dx =

1

2

d

dt
∥v(t)∥2L2 .

Proof. We first have that for all z ∈ C,

Re(z) =
1

2
(z + z).

Therefore, since complex conjugation commutes with differentiation, integration and multiplication,

Re

b�

a

v(x, t)
∂v

∂t
dx =

1

2

 b�

a

v(x, t)
∂v

∂t
dx+

b�

a

v(x, t)
∂v

∂t
dx


=

1

2

b�

a

v(x, t)
∂v

∂t
+ v(x, t)

∂v

∂t
dx

=
1

2

b�

a

∂

∂t
[v(x, t)v(x, t)] dx.
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The final step follows by the product rule. Now, since t is independent of x, and our integrand is
bounded and continuous, we have that

Re

b�

a

v(x, t)
∂v

∂t
dx =

1

2

d

dt

b�

a

v(x, t)v(x, t) dx.

Therefore,

Re

b�

a

v(x, t)
∂v

∂t
dx =

1

2

d

dt
∥v(t)∥2L2 .

Lemma 2.2. Let v ∈ C2 be (b− a)–periodic in x. Then,

b�

a

d2v(x)

dx2
v(x) dx = −

∥∥∥∥dv

dx

∥∥∥∥2
L2

∈ R.

Proof. Using integration by parts,

b�

a

d2v(x)

dx2
v(x) dx =

dv(x)

dx
v(x)

∣∣∣∣b
a

−
b�

a

dv(x)

dx

dv(x)

dx
dx.

Since v is (b− a)–periodic, so are dv(x)
dx and v(x), so the first term on the right hand side cancels to

0.

b�

a

d2v(x)

dx2
v(x) dx = −

b�

a

dv(x)

dx

dv(x)

dx
dx = −

∥∥∥∥dv

dx

∥∥∥∥2
L2

Theorem 2.1. For a solution u(x, t) of (2.2),

∥u(t)∥L2 = ∥u0∥L2

Proof. Multiplying (2.2) by −iu, we get

ε
∂u

∂t
u− iε2

2

∂2u

∂x2
u+ iV (x)uu = 0.

Now, we integrate with respect to x,

ε

b�

a

∂u

∂t
u dx− iε2

2

b�

a

∂2u

∂x2
u dx+ i

b�

a

V (x)uu dx = 0.
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Finally, taking real parts,

εRe

 b�

a

∂u

∂t
u dx

− ε2

2
Re

i

b�

a

∂2u

∂x2
u dx

+ Re

i

b�

a

V (x)uu dx

 = 0.

We can look at the three terms one by one:

• By Lemma 2.1:

Re

 b�

a

∂u

∂t
u dx

 =
1

2

d

dt
∥u(t)∥2L2

.

• By Lemma 2.2:

Re

i

b�

a

∂2u

∂x2
u dx

 = Re

(
−i

∥∥∥∥∂u∂t
∥∥∥∥2
L2

)
= 0,

since the LL2 norm defined in (2.3) is always real.

• The final integrand is a product of two real values: V (x) and uu = |u(x, t)|2, so

Re

i

b�

a

V (x)uu dx

 = 0.

Therefore, substituting our results in, it follows that

ε
1

2

d

dt
∥u(t)∥2L2 = 0

d

dt
∥u(t)∥L2 = 0

∥u(t)∥L2 = C

∥u(t)∥L2 = ∥u(0)∥L2

∥u(t)∥L2 = ∥u0∥L2 .

Remark 2.1. This result is often also called conservation of total charge [BJM02; BJM03] since
the charge density is defined to be proportional to the position density

ρq(x, t) := q|u(x, t))|2 = qn(x, t).

Therefore, conservation of mass implies conservation of total charge.



Chapter 3

Splitting methods for ODEs

Splitting methods are a type of numerical integration method which seeks to approximate a dy-
namical system by splitting it into simpler parts.

For example, suppose we seek to solve the linear first-order dynamical system

dx

dt
= f(x) (3.1)

with f(x) not simply integrable w.r.t. time, t. A splitting method assumes a decomposition of f
into f(x) = f1(x) + f2(x), where each of the differential equations

dx

dt
= f1(x) (3.2)

and

dx

dt
= f2(x) (3.3)

can be solved either analytically, or using higher order methods than f .

In an effort to sketch out a splitting method, suppose we want to integrate (3.1) from tn to tn+1 in
one step, where xn = x(tn) is known.

First, we start at (tn, xn) and solve the IVP given by (3.2)

dx1
dt

= f1(x), x1(t
n) = xn

for x∗ = x1(t
n+1). This takes us to a point x∗. Then, we solve the second IVP given by (3.3) from

x∗

dx2
dt

= f2(x), x2(t
n) = x∗.

Our splitting estimate for xn+1 ≈ x(tn+1) is xn+1 = x2(t
n+1).

13



14 CHAPTER 3. SPLITTING METHODS FOR ODES

x(tn+1)

xn + hf(xn)

xn + hf2(xn)

xn + hf1(xn)xn

x(tn+1)

xn + hf(xn)

x∗ = x1(tn+1)

xn+1 = x2(tn+1)

xn

Figure 3.1: An approximation to the solution is obtained by stepping through f1’s solution, then f2’s.
Recreated from [Fra08, Chapter 13].

Splitting methods are not limited to one-dimensional differential equations, nor to a separation into
only two parts. The following section describes the general time splitting method for any number
of sub-problems.

3.1 General time splitting method

Consider the following linear first-order ODE:

dx

dt
= Cx(t)

x(0) = x0

 t ∈ (0, T ] (3.4)

for T > 0, and C a constant linear operator with respect to t. x(t) is left ambiguous in order for
the splitting methods in this chapter to be as general as possible. At separate points in this work,
x(t) is both a finite-dimensional vector in Cn, as well as a function in L2.

Lemma 3.1. The exact solution to (3.4) is as follows:

x(t) = eCtx0

Proof. This can be shown by differentiating both sides of (3.1) with respect to t, bearing in mind
the generalized exponential function

eCt :=

∞∑
n=0

(Ct)n

n!
= I + Ct+

(Ct)2

2!
+ · · ·

and that exponentiation of operators is defined as repeated application.

We will now look at how to approximate this solution on a partition of [0, T ), 0 =: t0 < t1 < ... <
tN := T . Let xn be defined as the approximation of x(tn).

Consider the ODE on the subinterval
(
tn, tn+1

]
, n = 0, 1, . . . , N − 1:

dx

dt
= Cx(t)

x(0) = x0





3.1. GENERAL TIME SPLITTING METHOD 15

Suppose we have Ci, i = 1, 2, . . . , P ∈ N such that

C =
P∑
i=1

Ci.

Then, we can approximate the exact solution as follows:

for n = 0, 1, . . . , N :

First solve
dx1
dt

= C1x1(t)

x1(t
n) = xn

 (3.5)

and then for i = 2, 3, . . . , P , we solve

dxi
dt

= Cixi(t)

xi(t
n) = xi−1(t

n+1)

 (3.6)

The approximation of xn+1 is the solution of (3.6) at i = P, t = tn+1.

Using Lemma 3.1 and induction on P , we obtain the following solutions for (3.5) and (3.6)

x1(t) = e(t−tn)C1xn,

xi(t) = e(t−tn)CiekCi−1 · · · ekC1xn, (3.7)

where t ∈
(
tn, tn+1

]
.

Lemma 3.2. The local approximation xn+1 of x(tn+1) in terms of xn yielded by the general splitting
method is:

xn+1 =

(
P∏

n=1

ekCn

)
xn

Proof. This can be shown by substituting i = P and t = tn+1 into (3.7).

A natural next question is to ask when this is an exact method. To investigate this, we must first
show an auxiliary result.

Lemma 3.3. For a and b which need not commute,

ab = ba⇒ eaeb = ea+b

Proof. The Baker-Campbell-Haussdorf theorem [Eur] gives the solution c to the equation ec = eaeb

as

c = a+ b+
1

2
[a, b] +

1

12
[a, [a, b]] + . . .
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for [a, b] = ab−ba the commutator of a and b. “. . . ” indicates higher order nestings of commutators
of a and b. More simply, we can write

c = a+ b+D(a, b)

where D = 0 if [a, b] = 0.

So,

eaeb − ea+b = ec − ea+b

=
∞∑
n=0

(a+ b)n

n!
− cn

n!

=
∞∑
n=0

(a+ b)n − [a+ b+D(a, b)]n

n!
.

So if ab = ba, D(a, b) = 0, then the summand above is identically 0 for all n, and we obtain the
statement of Lemma 3.3.

This result is an important one, since we cannot assume the usual identity eaeb = ea+b for non-
commutative algebras.

We can now show when a splitting method is exact. For an exact method, we have that the
truncation error Tn+1 = 0 ∀n. So,

xn+1 = x(tn+1)(
P∏

n=1

ekCn

)
xn = ekCxn ∀xn

P∏
j=1

ekCj = ekC

P∏
j=1

ekCj = ek(C1+···+CP ).

Using Lemma 3.3 and induction on P , we get that if all of C1,C2, . . . ,CP commute with each
other, then this is an exact method. This is not necessarily the case for all linear operators, and is
definitely not the case for the differential operators we need to use for the Schrödinger equation.

Intuitively, this dependence on the commutator makes sense. A splitting method essentially reorders
the integration of a dynamical system and assumes we can step through each operator in series.
This reordering assumption should only work if our operators commute.

Visually, if the operators Ci commute, xn+1 will coincide with x(tn+1) in Figure 3.1. Otherwise,
we’ll see the gap shown in the figure, the size of which is equal to the splitting error.
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3.2 Lie splitting method

In this work, we will consider two splitting methods: the Lie and Strang splitting methods. Note
that in other works, such as [BJM02], these methods are referred to as SP1 and SP2 respectively.

In this section, we leave x(t) to be an indeterminate member of some vector space. Later on in this
project, x(t) could be a function of spatial variables, or a finite-dimensional vector. The notation
∥x(t)∥2 below refers to both the ℓ2-norm for finite-dimensional vectors

∥x(t)∥2ℓ2 =
1

M

∑
i

[xi(t)]
2

and the L2-norm for functions

∥x(t)∥2L2 =

b�

a

[x(t)]2 dx

depending on the form of x(t). This only works in this section because all we assume about ∥·∥2 is
the triangle inequality and non-negativity, conditions which hold for all norms.

Consider now the problem {
dx
dt = (A + B)x(t), t ∈

(
tn, tn+1

]
x(tn) = xn

(3.8)

Where A and B are linear operators. The Lie splitting method is a special case of the general
splitting method described in (3.5) and (3.6), with P = 2,C1 = A, and C2 = B.

Using (3.4) and (3.7), we obtain

x(t) = et(A+B)

xn+1 = ekAekBxn.

Using the localising assumption x(tn) = xn, we can compute the local truncation error

Tn+1 = x(tn+1) − xn+1

∥Tn+1∥2 =
∥∥∥et

n+1(A+B)x0 − ekAekBxn
∥∥∥
2

=
∥∥∥e(t

n+k)(A+B)x0 − ekAekBxn
∥∥∥
2
.

Now, because the operator (A + B) commutes with itself, we can split the exponential.

∥Tn+1∥2 =
∥∥∥ek(A+B)et

n(A+B)x0 − ekAekBxn
∥∥∥
2

=
∥∥∥(ek(A+B) − ekAekB

)
xn
∥∥∥
2
.

Substituting the series definition of the exponential, we see that

∥Tn+1∥2 =

∥∥∥∥∥∥
 ∞∑
j=1

[k (A + B)]j

j!
−

( ∞∑
m=1

(kA)m

m!

)( ∞∑
n=1

(kB)n

n!

)xn
∥∥∥∥∥∥
2

. (3.9)
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We can use the triangle inequality,

∥Tn+1∥2 ≤

∥∥∥∥∥xn + k (A + B)xn +
k2

2
(A + B)2 xn +

k3

6
(A + B)3 xn

−
(
I + kA +

k2

2
A2 +

k3

6
A3

)(
I + kB +

k2

2
B2 +

k3

6
B3

)
xn

∥∥∥∥∥
2

+ O(k4),

and group like terms

∥Tn+1∥2 ≤ k2
∥∥∥∥1

2
(A + B)2 xn −

(
1

2
A2 + AB +

1

2
B2

)
xn
∥∥∥∥
2

+ O(k3) (3.10)

= k2 ∥[B,A]xn∥2 + O(k3)

= O(k2),

for [B,A] = BA−AB the commutator of B and A. Since the local error is of order 2, this means
that the Lie splitting method is of order 2 − 1 = 1.

3.3 Strang splitting method

The Strang splitting method is another treatment of problem (3.8), with P = 3,C1 = 1
2A,C2 = B,

and C2 = 1
2A.

By applying Lemma 3.2, we can obtain the Strang local approximation

xn+1 = e
1
2
kAekBe

1
2
kAxn.

Furthermore, we can get an analogue of (3.9) for the Strang method

∥Tn+1∥2 =
∥∥∥[ek(A+B) − e

1
2
kAekBe

1
2
kA
]
xn
∥∥∥
2

=

∥∥∥∥∥∥
∞∑
j=1

[k (A + B)]j

j!
−

( ∞∑
ℓ=1

(
k
2A
)ℓ

ℓ!

)( ∞∑
m=1

(kB)m

m!

)( ∞∑
n=1

(
k
2A
)n

n!

)∥∥∥∥∥∥
2

.

After many lines of expanding brackets, this gives

∥Tn+1∥2 ≤
k3

6

∥∥∥∥1

4
A2B− 1

2
ABA +

1

4
BA2 − 1

2
AB2 + BAB− 1

2
B2A

∥∥∥∥
2

+ O(k4).

All terms of order 1, k, and k2 cancel out for all A and B. Therefore, we have that ∥Tn+1∥2 = O(k3),
so the Strang splitting method is of order 2.
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3.4 Experimental Order of Convergence

In the previous sections, we have seen that, analytically, the Strang method is of order 2, and the
Lie method is of order 1. It is reassuring to check this computationally, which is what this short
section will deal with.

Let r be the order of some numerical method. Let T, tn and k be defined as above, so that
T = tN = Nk. Then, we assume that there exists some constant c independent of k such that∥∥xN − x(tN )

∥∥
2
≈ ckr. (3.11)

In other words,
∥∥xN − x(T )

∥∥
2

= O(kr).

Now, consider performing the same numerical scheme, but with a time-step k
2 . Let t̃n = nk

2 be the
time points for this experiment, with x̃n being the approximation of x(t̃n). We again have that, for
k → 0,

∥∥x̃2N − x(T )
∥∥
2
≈ c

(
k

2

)r

(3.12)

for the same constant c.

Therefore, by combining (3.11) and (3.12) and rearranging using logarithm rules, we obtain the
Experimental Order of Convergence (EOC) r:

r = log2
(∥∥x(T ) − xN

∥∥
2

)
− log2

(∥∥x(T ) − x̃2N
∥∥
2

)
.

Now, we will take a look at an example in order to confirm the analytical results from the previous
sections.

Let

A =

[
3 0
0 −2

]
and B =

[
0 −2
2 0

]
,

such that C = A + B =

[
3 −2
2 −2

]
, and the ODE we seek to approximate is

dx

dt
= Cx(t)

x(0) = x0 = [1, 1]T

 t ∈ [0, T ]

Therefore, the Lie-splitting scheme is described by the iterative system

x0 = [1, 1]T

xn+1 = ekAekBxn,

}
0 ≤ n < N :=

T

k

x(t) = [x1(t), x2(t)]
T ∈ C2, so this is a system of two linear differential equations. Since x is a

discrete vector, the error is defined as

∥∥x(T ) − xN
∥∥
ℓ2

:=
1

2

√
(x1(t) − xN1 )2 + (x2(t) − xN2 )2
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and

r = log2
(∥∥x(T ) − xN

∥∥
ℓ2

)
− log2

(∥∥x(T ) − x̃2N
∥∥
ℓ2

)
.

We have a final time of T = 1.2, and time steps kj = 0.1
2j
, 0 ≤ j ≤ 8, which go down in powers of

two in order to compute the EOC. The table below shows the results to 5 decimal places.

k Lie EOC Strang EOC

0.1 — —

0.1 × 2−1 0.91900 1.99039

0.1 × 2−2 0.96279 1.99758

0.1 × 2−3 0.98231 1.99939

0.1 × 2−4 0.99140 1.99985

0.1 × 2−5 0.99576 1.99996

0.1 × 2−6 0.99790 1.99999

0.1 × 2−7 0.99895 2.00000

0.1 × 2−8 0.99948 2.00000

Table 3.1: Experimental order of convergence for Lie and Strang splitting methods applied to a two-
dimensional matrix system.

These results were computed using Python, and the code can be found in Appendix B.

This nicely confirms our analytical results! The EOC for the Lie splitting method tends to 1, and
the Strang EOC tends to 2, as expected.



Chapter 4

Semi-discretization

In this section, we will look at applying the splitting methods introduced in the previous chapters
to the semi-classical Schrödinger equation (2.2) in time only. Later, we will use Fourier methods
for the discretization in space.

4.1 Operators for the splitting method

Note that the Schrödinger equation (2.2) is equivalent to

∂u

∂t
= i

ε

2

∂2u

∂x2
− i

ε
V (x)u.

Now, we define the following operators for our splitting method

Aε := − i

ε
V (x),

Bε := i
ε

2

∂2

∂x2
. (4.1)

The intuition behind this choice of A and B is that the operators act on very different scales -
Aε = O

(
1
ε

)
, while Bε = O(ε). Furthermore, B generates a PDE similar to the heat equation,

while A generates a first-order IVP, both of which are relatively simple to solve independently.

These then give rise to the following sub-problems:

∂v

∂t
= Aεv = − i

ε
V (x)v

v(a, t) = w(b, t)

vx(a, t) = vx(b, t)

v(x, t = τ) = v0(x)


t > τ, x ∈ [a, b]. (4.2)

and

21



22 CHAPTER 4. SEMI-DISCRETIZATION

∂w

∂t
= Bεw = i

ε

2

∂2w

∂x2

w(a, t) = w(b, t)

wx(a, t) = wx(b, t)

w(x, t = τ) = w0(x)


t > τ, x ∈ [a, b], (4.3)

Lemma 4.1. For a solution v(x, t) of (4.2),

∥v(t)∥L2 = ∥v0∥L2 ∀t ≥ τ.

Proof. Taking real parts of the inner product with v,

Re

 b�

a

∂v

∂t
v dx

 = Re

− i

ε

b�

a

V (x)|v| dx

 .

The integrand on the right hand side is always real, so the entire right hand side is the real part of
a purely imaginary quantity. Appying Lemma 2.1 to the left hand side, we get

d

dt
∥w(t)∥2L2 = 0

and so ∥w(t)∥L2 = ∥w0∥L2 , as required.

Lemma 4.2. For a solution w(x, t) of (4.3),

∥w(t)∥L2 = ∥w0∥L2 ∀t ≥ τ.

Proof. Taking real parts of the inner product ⟨·, w⟩ on both sides,

Re

 b�

a

∂w

∂t
w dx

 = Re

 b�

a

i
ε

2

∂2w

∂x2
w dx

 .

By Lemmas 2.1 and 2.2 on the left and right hand side respectively,

ε

2

d

dt
∥w(t)∥2L2 = Re

(
−i
ε

2

∥∥∥∥dw

dx

∥∥∥∥2
L2

)
d

dt
∥w(t)∥L2 = 0

∥w(t)∥L2 = ∥w0∥L2 ∀t ≥ τ.
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4.2 The Lie splitting method in the semi-discrete case

Let 0 =: t0 < t1 < ... < tN := T be a partition of [0, T ] and let k = tn+1 − tn, 0 ≤ n ≤ N − 1 be the
constant time step.

The semi-discrete case consists of only discretizing (2.2) in time (keeping the spatial variable con-
tinuous). This reduces the numerical side of the problem to only an initial-value-problem, since the
boundary conditions apply only to the spatial variable.

Therefore, recalling (4.1), the equivalent to (3.8) applied to the Schrödinger equation is

∂u

∂t
= (Aε + Bε)u(x, t)

u(x, t = 0) = u0(x)

 t > 0, x ∈ [a, b].

From time t = tn to t = tn+1, the Schrödinger equation (2.2) is solved in two steps.

First, we solve

∂u

∂t
= Aεu(x, t) (4.4)

for one time step, followed by solving

∂u

∂t
= Bεu(x, t) (4.5)

for the same time step.

Lemma 4.3.
Un+1(x) = ekB

ε
ekA

ε
Un(x), t ∈ (tn, tn+1]

for Un(x) the approximation of u(x, t = tn) yielded by the Lie splitting method applied to the
Schrödinger equation (2.2).

Proof. Recalling (3.8), we first solve

∂U∗

∂t
= −i

V (x)

ε
U(x, t) = AεU∗(x, t)

U∗(x, t = tn) = Un(x)

 t ∈ (tn, tn+1], x ∈ [a, b]. (4.6)

Using Lemma 3.1, we have that

U∗(x, t) = e(t−tn)Aε
Un(x), t ∈ (tn, tn+1]. (4.7)

We then solve

∂U

∂t
= i

ε

2

∂2U∗

∂x2
= BεU(x, t)

U(x, t = tn) = U∗(x, tn+1)

 t ∈ (tn, tn+1], x ∈ [a, b],

so,
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U(x, t) = e(t−tn)Bε
U∗(x, tn+1). (4.8)

Now, by substituting (4.7) into (4.8),

Un+1 = U(x, t = tn+1)

= ekB
ε
ekA

ε
Un(x), t ∈ (tn, tn+1].

Remark 4.1. It is important to note that, in the semi-discrete case, we assume that we have an

exact expression for ei
ε
2

∂2

∂x2 . This operator will be approximated in the fully discrete case.

Lemma 4.4. The Lie splitting method is unconditionally stable. For any time step k,

∥Un∥L2 =
∥∥U0

∥∥
L2 , 0 ≤ n ≤ N

Proof. This is most easily proved by induction. The base case is trivial:
∥∥U0

∥∥
L2 =

∥∥U0
∥∥
L2 .

Now note that, to obtain Un+1 from Un, we first solve (4.6). Using Lemma 4.1, we have that

∥U∗∥L2 = ∥Un∥L2

Then, using Lemma 4.2, we have that ∥∥Un+1
∥∥
L2 = ∥U∗∥L2 ,

so,

∥∥Un+1
∥∥
L2 = ∥Un∥L2 .

Now suppose that

∥Un∥L2 =
∥∥U0

∥∥
L2 .

We then have that
∥∥Un+1

∥∥
L2 =

∥∥U0
∥∥
L2 , completing the proof.

4.3 Lie splitting error for time-independent potentials

First, we define some notation and assumptions.

The L∞–norm of a continuous and bounded function v in (a, b) is denoted by ∥·∥L∞ and it is defined
as

∥v∥L∞ = sup
x∈(a,b)

|v(x)|.



4.3. LIE SPLITTING ERROR FOR TIME-INDEPENDENT POTENTIALS 25

To investigate the dependence of the small parameter ε (Planck’s constant) with respect to the
time-step and the spatial mesh-size of the time-splitting spectral schemes we will be considering
later, we assume from now on that the data of the problem satisfy some additional properties.

In particular, suppose u is a solution of (2.2) with initial condition u(x, t = 0) = u0(x). Then, we
assume that for all non-negative integers s, there exist positive constants As, Bs, independent of
the Planck constant ε such that

(A1)

∥∥∥∥dsu0
dxs

∥∥∥∥
L2

≤ As

εs
,

(A2)

∥∥∥∥dsV

dxs

∥∥∥∥
L∞

≤ Bs.

Furthermore, given these assumptions, it is possible to show (but we will assume, as is done in
[BJM02]) that for all nonnegative integers s1, s2, there exists a positive constant Ei, independent
of ε such that

(A3) max
0≤t≤T

∥∥∥∥ ∂s1+s2

∂ts1 ∂xs2
u(x, t)

∥∥∥∥
L2

≤ Es1+s2

εs1+s2
.

For example, Assumption (A1) is satisfied if the initial data u0 is of Wentzel-Kramers-Brillouin
(WKB) form

u0(x) =
√
n0(x)eiS0(x)/ε, x ∈ R,

since each higher derivative in x will bring down a factor of 1
ε from the exponent.

We will use this type of initial data throughout this work, with n0, S0 ∈ C∞, (b− a)–periodic, and
n0 strictly non-negative with lim|x|→∞ n0(x) = 0. The final property must be true of all probability
density functions in order to satisfy the honesty condition.

Lemma 4.5. Let u = u(x, t) be an exact solution of (2.2), Un = Un(x) be the discrete approxima-
tion of u at t = tn given by the Lie splitting method, and Tn+1 be the local truncation error. Under
assumptions (A1) and (A2),

∥Tn+1∥L2 = O

(
k2

ε

)
Proof. For the local error, we take the localising assumption Un(x) = u(x, t = tn), ∀x ∈ [a, b]. Also
note that Un is a univariate function, and therefore ∂nUn

∂xn = dnUn

dxn .

Using (3.10), we have

∥Tn+1∥L2 =

∥∥∥∥k22 (BA −AB)Un + O(k3)

∥∥∥∥
L2

≤ k2

2

∥∥∥∥1

2

d2

dx2
(V (x)Un) − 1

2
V (x)

d2Un

dx2

∥∥∥∥
L2

+ O(k3)

=
k2

2

∥∥∥∥dV

dx

dUn

dx
+

1

2

d2V

dx2
Un

∥∥∥∥
L2

+ O(k3)

≤ k2

2

(∥∥∥∥dV

dx

dUn

dx

∥∥∥∥
L2

+
1

2

∥∥∥∥d2V

dx2
Un

∥∥∥∥
L2

)
+ O(k3).
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Noticing the two terms of the form
∥∥dsV

dxs
drUn

dxr

∥∥
L2 , we first have that

∥∥∥∥dsV

dxs
drUn

dxr

∥∥∥∥
L2

=

√√√√√ b�

a

(
dsV

dxs

)2(drUn

dxr

)2

dx

≤

(
sup

x∈(a,b)

dsV

dxs

)√√√√√ b�

a

(
drUn

dxr

)2

dx

=

∥∥∥∥dsV

dxs

∥∥∥∥
L∞

∥∥∥∥drUn

dxr

∥∥∥∥
L2

≤ Bs
Er

εr
.

Thus, we obtain

∥Tn+1∥L2 ≤ k2

2

(
B1
E1

ε
+

1

2
B2E0

)
+ O(k3)

= O

(
k2

ε

)
.

Since

0 ≤ ∥Tn+1∥L2 ≤ O

(
k2

ε

)
,

the statement of the lemma then follows.

Remark 4.2. The global truncation error for the Lie splitting method is O
(
k
ε

)
, which suggests that

we should choose k = O(ε) in order to expect convergence.

4.4 The Strang splitting method in the semi-discrete case

The Strang splitting method can easily be obtained from the previous chapters.

Un+1(x) = e
1
2
kAε

ekB
ε
e

1
2
kAε

Un(x), t ∈ (tn, tn+1] (4.9)

Lemma 4.6. Let u = u(x, t) be an exact solution of (2.2), Un = Un(x) be the discrete approxi-
mation of u at t = tn given by the Strang splitting method (4.9), and Tn+1 be the local truncation
error. Under assumption (A1),

∥Tn+1∥L2 = O

(
k3

ε

)
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Proof. This proof follows many of the same steps as Lemma 4.5. We have that

∥Tn+1∥L2 =
∥∥∥(e

1
2
kAekBe

1
2
kA − ek(A+B)

)
Un
∥∥∥
L2

≤ k3

6

∥∥∥∥(1

4
A2B − 1

2
ABA +

1

4
BA2 − 1

2
B2A − 1

2
AB2 + BAB

)
Un

∥∥∥∥
L2

+ O(k4)

=
k3

6

∥∥∥∥ iε

4

d2V

dx2
d2Un

dx2
− i

4ε

d2

dx2
(
V (x)2

)
+

i

2ε
V (x)Un(x, t)

d2V

dx2

∥∥∥∥
L2

+ O(k4).

Now, applying the triangle inequality to each term as in the proof for Lemma 4.5, we arrive at the
statement of Lemma 4.6

Both splitting errors are non-zero due to the fact that Aε and Bε do not commute. In the case
where V (x) ≡ V is a constant potential, then we can pull V through the derivative in Aε, so the
local and global errors are then zero.
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Spectral approximation

So far, we have discretised the linear Schrödinger equation in time only using the two aforementioned
splitting methods. In order to implement these methods computationally, we need to take into
account the spatial domain of the problem.

Numerically, (4.4) is explicitly and exactly solvable for V independent of t, since the solution is

u(x, t) = etV (x)u0(x),

which holds true for any initial condition u0. However, the solution to (4.5), i.e. the heat equation,
is not as trivial. Analytically solving the problem for periodic boundary conditions gives an infinite
Fourier series solution, which is not computationally exact. This motivates the use of truncated
Fourier series to approximate the solution to (4.5) using spectral methods.

5.1 Fourier method

Let h = ∆x > 0 be the spatial mesh size with h = b−a
M for M an even positive integer, and let the

spatial grid points be

xj := a+ jh, 0 ≤ j ≤M.

An even number of grid points is used because odd and evenM need to be treated slightly differently.
Let also µℓ = 2πℓ

b−a and consider the finite-dimensional subspace VM of L2(a, b)

VM := span

{
eiµℓ(x−a)

∣∣∣ −M
2

≤ ℓ ≤ M

2
− 1

}
.

For a (b − a)–periodic function f we denote by fI its trigonometric interpolant on the grid
{x0, x1, · · · , xM−1}

fI =
1

M

M
2
−1∑

ℓ=−M
2

f̂ℓe
iµℓ(x−a), with f̂ℓ =

M−1∑
j=0

f(xj)e
−iµℓ(xj−a).

28
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The coefficients f̂ℓ are called the discrete Fourier coefficients of f , and are chosen so that fI(xj) =
f(xj). fI is both the truncated Fourier series of f , and the projection of f onto VM . When f is
periodic and smooth, we have that

lim
M→∞

fI = f

pointwise. If f is not smooth and periodic, then the Gibbs phenomenon can occur at discontinuities.
In this case, the limit above is true in the ℓ2-norm, but not pointwise.

So, applying this to
∂u

∂t
− i

ε

2

∂2u

∂x2
= 0, we assume that we have at our disposal the approximations

Un
j of u(xj , t

n), 0 ≤ j ≤M − 1. Let

Un
I =

1

M

M
2
−1∑

ℓ=−M
2

Ûn
ℓ eiµℓ(x−a), and Ûn

ℓ =

M−1∑
j=0

Un
j e−iµℓ(xj−a).

In a numerical context, the x values will be bound to the xj knots defined above. Due to the
defining property of an interpolant, if we construct the interpolant on these knots, we will also have
that Un

I (xj) = Un(xj).

This interpolant is particularly useful when calculating the derivative. Note that

d

dx
Un
I (x) =

1

M

M
2
−1∑

ℓ=−M
2

iµℓÛ
n
ℓ eiµℓ(x−a).

Therefore, to approximate the derivative of Un at x = xj we can perform the following steps:

Un
j

DFT−−−−−−→ Ûn
ℓ

d2

dx2−−−−−→ −µ2ℓ Ûn
ℓ

DFT−1

−−−−−−−→ dUn

dx
(xj),

where the DFT is the discrete Fourier transform, sending {Un
0 , · · · , Un

M} to

{
Ûn

−M
2

, · · · , Ûn
M
2
−1

}
.

Note that this is an approximation because Un
I (x) ̸= U(x, tn) in between knots xj .

It can be shown that this method of differentiation is a generalization of the finite difference method
for a maximally sized stencil. See [Luc24] for a more detailed exploration of the topic.

5.2 Lie splitting spectral method

The Lie splitting spectral method for the Schrödinger equation (2.2) can be described as follows.

Solve exactly the problem

∂U∗

∂t
+

i

ε
V (x) = 0

U∗(x, tn) = Un(x, tn)

 t ∈ (tn, tn+1], (5.1)

followed by solving on the finite-dimensional space VM the problem
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∂U

∂t
− i

ε

2

∂2U

∂x2
= 0

U(x, tn) = U∗(x, tn+1)

 t ∈ (tn, tn+1]. (5.2)

Then, the approximation at t = tn+1 is Un+1(x) = U(x, tn+1) and, for 0 ≤ j ≤ M − 1, the
approximations Un+1

j of u(xj , t
n+1) are given by Un+1

j := Un+1(xj). It important to once again
note that the periodic boundary conditions are included in the choice of basis functions for VM .

Solving (5.1) exactly gives

U∗(x, t) = e−
i
ε
V (x)(t−tn)Un(x, tn),

which has the trigonometric interpolant

U∗
I (x, t) =

1

M

M
2
−1∑

ℓ=−M
2

Û∗
ℓ (t)eiµℓ(x−a).

Now, let

UI(x, t) =
1

M

M
2
−1∑

ℓ=−M
2

Ûℓ(t)e
iµℓ(x−a) (5.3)

be the trigonometric interpolant of the solution to (5.2).

Then, substituting trigonometric interpolants in place of exact solutions, we get the following
version of (5.2).

1

M

M
2
−1∑

ℓ=−M
2

(
∂Ûℓ

∂t
+

iµ2ℓε

2
Ûℓ

)
eiµℓ(x−a) = 0

Ûℓ(t
n) = Û∗

ℓ (tn+1)

 t ∈ (tn, tn+1] (5.4)

Given that the standard basis
{

eiµℓ(x−a)
∣∣∣ −M

2 ≤ ℓ ≤ M
2 − 1

}
for VM is linearly independent, we

readily obtain that (5.4) is now equivalent to solving the M equations

∂Ûℓ

∂t
+

iµ2ℓε

2
Ûℓ

Ûℓ(t
n) = Û∗

ℓ (tn+1)

− M

2
≤ ℓ ≤ M

2
− 1. (5.5)

Finally, combining (5.5), (5.2), (5.3), and performing the procedure detailed above, the Lie splitting
spectral approximations for problem (2.2) can be concisely given by:

For 0 ≤ n ≤ N − 1 and 0 ≤ j ≤M − 1,
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U∗
j = e−k i

ε
V (x)Un

j

Uj =
1

M

M
2
−1∑

ℓ=−M
2

e−
iεµ2

ℓ
2

keiµℓ(xj−a)Û∗
ℓ

 (5.6)

with

Ûn
ℓ =

M−1∑
j=0

Un
j e−iµℓ(xj−a)

the discrete Fourier coefficients of Un, and

U0
j = u0(xj).

While we have proven conservation of total mass density for the Lie splitting method in Section 4.3,
we assumed exact solutions to both subproblems. Since we are using a non-exact Fourier method
to solve the diffusive part of the problem, some further analysis is necessary.

Theorem 5.1 (Lie splitting spectral stability). Let Un be the discrete Lie splitting spectral ap-
proximation, numerically integrated from an initial condition vector U0.

Then, we have that
∥Un∥ℓ2 =

∥∥U0
∥∥
ℓ2

∀n ∈ Z≥0,

i.e. the Lie splitting spectral method is unconditionally stable for all spatial mesh sizings and time
steps.

Proof. We will again prove this by induction on n, in a similar fashion to Lemma 4.4. The base
case for n = 0 is obvious.

For the Lie splitting spectral method outlined in (5.6), we have

∥∥Un+1
∥∥2
ℓ2

=
1

M

M∑
j=1

∣∣∣Un+1
j

∣∣∣2 =
1

M

M∑
j=1

∣∣∣e−ik
ε

V (xj)U∗
j

∣∣∣2 =
1

M

M∑
j=1

∣∣U∗
j

∣∣2

=
1

M

M∑
j=1

∣∣∣∣∣∣∣
1

M

M
2
−1∑

ℓ=−M
2

e−
iεµ2ℓ
2

keiµℓ(xj−a)Ûn
ℓ

∣∣∣∣∣∣∣
2

=
1

M

M∑
j=1

 1

M2

 M
2
−1∑

ℓ=−M
2

M
2
−1∑

m=−M
2

e−
iεµ2ℓ
2

keiµℓ(xj−a)e
iεµ2

m
2

ke−iµm(xj−a)Ûn
ℓ Û

n
m




=
1

M3

M∑
j=1

M
2
−1∑

ℓ=−M
2

M
2
−1∑

m=−M
2

e−
iεk
2
(µ2

ℓ−µ2
m)ei(µℓ−µm)(xj−a)Ûn

ℓ Û
n
m

=
1

M3

M
2
−1∑

ℓ=−M
2

M
2
−1∑

m=−M
2

e−
iεk
2
(µ2

ℓ−µ2
m)−ia(µℓ−µm)Ûn

ℓ Û
n
m

M∑
j=1

ei(µℓ−µm)xj .
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By the definition of µℓ = 2πℓ
b−a , we have that

M∑
j=1

ei(µℓ−µm)xj = Mδℓm =

{
M if ℓ = m

0 if ℓ ̸= m

thus,

∥∥Un+1
∥∥2
ℓ2

=
1

M3

M
2
−1∑

ℓ=−M
2

M
∣∣∣Ûn

ℓ

∣∣∣2

=
1

M2

M
2
−1∑

ℓ=−M
2

∣∣∣∣∣∣
M−1∑
j=0

Un
j e−iµℓ(xj−a)

∣∣∣∣∣∣
2

which, by similar orthogonality arguments as above, simplifies to

=
1

M

M−1∑
j=0

∣∣Un
j

∣∣2 = ∥Un∥2ℓ2 .

Therefore, by the fact that norms are non-negative, we have that∥∥Un+1
∥∥
ℓ2

= ∥Un∥ℓ2

and so, by induction, we obtain the statement of the theorem.

Theorem 4.1 in [BJM02] states the following convergence result for the Lie splitting method.

Theorem 5.2. Let u = u(x, t) be the exact solution of the semi-classical Schrödinger equation
(2.2), UN = [UN

0 , · · · , UN
M ] be the discrete approximation given by the Lie time-splitting spectral

method (5.6) at t = tN := T , and UN
I (x) be the trigonometric interpolant of UN . Then, assuming

k
ε = O(1), hε = O(1), we have for all positive integers M ≥ 1 that

∥∥u(T ) −UN
∥∥
L2 ≤ GM

T

k

(
h

ε(b− a)

)M

+
CTk

ε
,

where C is independent of ε, h, k and M , and GM is independent of ε, h and k.

Note that this quantity is not the local truncation error, but the global error. The first term, which
is exponential in M , is the error from the spectral approximation in space. The second term is the

global error resulting from the splitting method in time. By (3.10), the local error is O
(
k2

ε

)
. Since

the local error accumulates over N steps, the global error is therefore O
(
Nk×k

ε

)
= O

(
Tk
ε

)
.

This estimate for the Lie splitting spectral error suggests a “meshing strategy”. In other words,
for a desired error δ such that

∥∥u(T ) −UN
∥∥
L2 ≤ δ,
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we should then set our spatial mesh size h and time step k according to

k

ε
= O

(
δ

T

)
,

h

ε
= O

([
δk

GmT

] 1
M

)
.

Due to the relationship M ∝ 1
h , we can summarise this as, for constant δ,

h = O(ε), k = o(ε).

I.e. k must be of lower order than ε. This meshing strategy is based off of L2 convergence to
the wave function u. However, in physical contexts, the wave function is not the quantity of
interest - it is the observables, such as position and current density. Using Wigner function analysis
and computational experimentation, the authors of [BJM02] have shown that the significantly less
restrictive time stepping strategy

k = O(δ) (5.7)

is sufficient for accurate observables. This is a major result - the time step does not need to scale
with ε, even for very small ε. This meshing strategy is shown to be effective in Examples 1-3 in
Section 6.1.

5.3 Strang splitting spectral method

The Strang splitting spectral method for the semi-classical Schrödinger equation (2.2) can be defined
similarly following the description of the semi-discrete Strang splitting method (4.9).

For 0 ≤ n ≤ N − 1 and 0 ≤ j ≤M − 1,

U∗
j = e−

ik
2ε

V (xj)Un
j

U∗∗
j =

1

M

M
2
−1∑

ℓ=−M
2

e−
iεµ2

ℓ
2

keiµℓ(xj−a)Û∗
ℓ

Un+1
j = e−

ik
2ε

V (xj)U∗∗
j


(5.8)

with
U0
j = u0(xj).

Theorem 5.3 (Strang splitting spectral stability). Let Un be the discrete Strang splitting spectral
approximation, numerically integrated from an initial condition vector U0.

Then, we have that
∥Un∥ℓ2 =

∥∥U0
∥∥
ℓ2

∀n ∈ Z≥0,

i.e. the Strang splitting spectral method is unconditionally stable for all spatial mesh sizings and
time steps.

Proof. This proof is omitted for conciseness. It follows almost exactly the same pattern as Theo-
rem 5.1.
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5.4 Extensions to d dimensions

Both methods defined in the previous section are applied solely to the one-dimensional Schrödinger
equation. We will outline the Strang splitting spectral method for the Schrödinger equation in two
spatial dimensions.

The semi-classical Schrödinger equation for a wave function u(x, t), x ∈ Rd is

∂u

∂t
= i

ε

2
∇2

xu− i

ε
V (x),

for V : Rd → R the scalar potential function and ∇2
x = ∇x · ∇x = ∂2

∂x2
1

+ · · · + ∂2

∂x2
d

the (spatial)

Laplacian.

The operators in this case are

Aε = − i

ε
V (x)

Bε = i
ε

2
∇2

x.

Aε requires no new approach - the solution is still the same, since it is still a first-order constant-
coefficient IVP.

However, the approximation of the Laplacian in multiple dimensions takes some more care, since
the Fourier method needs to be extended.

From here on, we will assume d = 2, however it should be clear how to apply this technique to
d ≥ 3.

The trigonometric interpolant of a function U(x, y, t), U : R2 × R≥0 → R is defined as

UI(t) =
1

MN

M
2
−1∑

m=−M
2

N
2
−1∑

n=−N
2

Ûm,n(t)ei[µm(x−a1)+νn(y−a2)]

for

• Spatial nodes a1 =: x0, . . . , xM := b1 and a2 =: y0, . . . , yN := b2,

• Discrete fourier coefficients Ûm,n(t),

• µm = 2πm
b1−a1

, νn = 2πn
b2−a2

.

Therefore, we have that

∇2
xUI =

∂2UI

∂x2
+
∂2UI

∂y2

=
1

MN

M
2
−1∑

m=−M
2

N
2
−1∑

n=−N
2

−(µ2m + ν2n)Ûm,n(t)ei[µm(x−a1)+νn(y−a2)]. (5.9)
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Now, let Un
i,j be the approximation of u(xi, yj , t

n). Using similar arguments as for the derivation
of (5.8), we obtain the following explicit formula for the Strang time-splitting spectral method for
the 2-dimensional semi-classical Schrödinger equation.

U∗
i,j = e−

ik
2ε

V (xj ,yj)Un
i,j

U∗∗
i,j =

1

MN

M
2
−1∑

m=−M
2

N
2
−1∑

n=−N
2

−(µ2m + ν2n)ei[µm(xi−a1)+νn(yj−a2)]Û∗
m,n(t)

Un+1
i,j = e−

ik
2ε

V (xi,yj)U∗∗
i,j





Chapter 6

Computational results

This section deals with the computational implementation of the time-splitting spectral methods,
as well as examines a variety of experiments.

6.1 Numerical Examples

The initial data is bound to the WKB functional form

u0(x) =
√
n0(x)eiS0(x)/ε,

with the following conditions:

Condition Reason

S0, n0 ∈ C∞ to satisfy conditions in Chapter 4

S0, n0 : R → R can be assumed without loss of generality.

S0, n0 independent of ε
property of WKB form, as well as satisfying (A1) since
each application of d

dx will bring down a factor of ε−1.

lim
|x|→∞

n0(x) = 0
n(x, t) = |u(x, t)|2 needs to be a probabilty density func-
tion.

Note that |u0(x)|2 = n0(x) is the initial position density.

Computationally, the DFT is performed using NumPy’s Fast Fourier Transform (fft) algorithm.
See Appendix B for the code in Python.

Example 1. This is a recreation of Example 1 from [BJM02] with only 3 of the trials. The
initial condition is given by

n0(x) = e−50(x−0.5)2 and S0(x) =
1

5
ln
(

e5(x−0.5) + e−5(x−0.5)
)
,

And the spatial domain is x ∈ [0, 1], i.e. a = 0 and b = 1.

The potential V (x, t) := 10 is constant for all x and t. This results in Aε and Bε commuting.
Therefore, ekA

ε
and ekB

ε
also commute, and both splitting methods are equivalent and become the

36
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exact-in-time one-step method

UN
j =

eTBε︷ ︸︸ ︷
e−

i
ε
V0T 1

M

M
2
−1∑

ℓ=−M
2

e−
iεµ2ℓ
2

T eiµℓ(xj−a)Û0
ℓ

︸ ︷︷ ︸
eTAεU0

j

,

where UN
j is the approximation of U(xj , T ). This method is not exact in space, since we are still

using spectral methods to approximate the second derivative.

There is an exact classical limit solution for ε→ 0 for reference. This limit is derived in Appendix
A.2.

The domain is [0, 1], with spatial knots

xj = hj, 0 ≤ j ≤M, M =
1

h
.

Plots of the position density and current density observables can be seen in Figure 6.1. We see
that for h

ε = 625
256 = O(1), caustics are captured accurately, and the numerical method captures the

ε→ 0 behaviour.

Example 2. This is a recreation of Example 3 from [BJM02]. The initial condition is

n0(x) = e−50(x−0.5)2 and S0(x) = x+ 1,

and a potential V (x) = x2

2 for a quantum harmonic oscillator.

The analytical solutions for ε → 0 for the observables n(x, t) and J(x, t), obtained from Example
4 in [GM97], are

n(x, t) =
1

| cos t|
n0

(
x− sin t

cos t

)
,

J(x, t) =
1

| cos t|
n0

(
x− sin t

cos t

)
1 − x sin t

cos t
.

Plots of the observables are in Figure 6.2. Even for ε = 0.04, the numerical approximation is
qualitatively very close to the semi-classical limit. Furthermore, the plots support (5.7) since even
for k = 320ε in row (iii), the solution is captured well.

Example 3. This is a recreation of Example 4 from [BJM02]. This is a two-dimensional
example with spatial domain (x, y) ∈ [−2, 2] × [−2, 2].

The initial condition is

n0(x, y) = e−50[(x−0.5)2+0.8(y−0.5)2] and S0(x, y) = x+
y

2
,

with a quadratic potential

V (x, y) =
x2 + y2

2
.
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Figure 6.1: Example 1. Numerical solutions at t = 0.54 (after caustics form). V (x) = 10; +++:
numerical solution, —–: analytical weak limit; (i) ε = 0.0064, h = 1

64 ; (ii) ε = 0.0001,
h = 1

4096 ; (iii) ε = 0.0000125, h = 1
32768 .
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Figure 6.2: Example 2. Numerical solutions at t = 3.6, with time step k = 0.05. +++: numerical
solution, —–: analytical weak limit; V (x) = x2/2; (i) ε = 0.04, h = 1

16 ; (ii) ε = 0.00256,
h = 1

256 ; (iii) ε = 0.00015625, h = 1
4096 .
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The problem is integrated to T = 2.7, with a constant time step k = 0.05.

See SP2_2D in Appendix B for the code in Python. The computational implementation is largely
the same as the 1-D case. The only difficulty is that the coefficients labelled νn and µm in (5.9)
require careful use of meshgrids.

The analytical solution for the position density in the ε→ 0 limit are given by [GM97] as

n(x, y, t) =
1

| cos t|
n0

(
x− sin t

cos t
,
y − 1

2 sin t

cos t

)
.

The plots of some cross-sections of the position density are found in Figure 6.3. We see similar
behaviour to that of Example 2, as expected of the harmonic oscilator with similar initial conditions.

6.2 Experimental Order of Convergence

In Section 3.4, we investigated the experimental order of convergence for the time-splitting method
for a 2× 2 matrix. Here, we will perform a similar experiment for the entire time-splitting spectral
method for the Schrödinger equation.

To test the dependence on the time step, a non-constant potential is needed. We will reuse the
setup from Example 2 with ε = 0.0256 and h = 1

32768 fixed. The small value of h = b−a
M is used to

make the spectral error term in (5.2) negligibly small. A final time of T = 3.072 is used in order to
make space for more values of k.

Since we do not have an exact solution (we only have solutions in the ε → 0 limit), a very fine
spatial mesh size and small time step are used with the Strang splitting method as a reference,
namely h = 1

32768 and k = 1 × 10−5. We will refer to this “exact” solution as uj , 0 ≤ j ≤M .

In this experiment, we will take a different approach to estimating the order of convergence. If the
order of convergence is r, then we can assume that

∥∥uj − UN
j

∥∥
ℓ2

=: E(k) ≈ Ckr, k → 0+

Taking the logarithm of both sides, we obtain the following linear relationship:

log(E(k)) ≈ r log(k) + log(C).

Therefore, by computing the error for several values of k, we can perform a linear regression on
the data points (log(k), log(E(k)) to obtain an estimate for r. Note that the base of the logarithm
does not make a difference, as long as it is always the same base.

An interesting interpretation of the approach used to generate the EOC values in Section 3.4 is
that we are taking the gradient of this log-log graph, which should give us the same EOC result.

Figure 6.4 shows the experimental data, along with the fitted curve. The orders of the methods
line up with the experimental results in Section 3.4, as well as the analytical results in Section 4.3.

However, both plots demonstrate a common property of both splitting methods - the accuracy of
their error estimates are highly sensitive to to the size of k. This can be understood analytically due
to an assumption made in Theorem 5.2, namely that k

ε = O(1). We see that for the Lie splitting
method, once k ≈ 0.1 ≈ 4ε, the convergence order estimate fails. The right-hand plot shows that
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Figure 6.3: Example 3. Cross-sections of numerical solutions at t = 2.7. +++: numerical solution,

—–: analytical weak limit; V (x) = x2+y2

2 ; (i) ε = 0.04, h = 1
16 ; (ii) ε = 0.005, h = 1

128 ;
(iii) ε = 0.000625, h = 1

1024 .
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the Strang splitting method stops following its quadratic order of convergence at k ≈ 1 ≈ 40ε,
which suggests a less restrictive convergence condition.

Remark 6.1. This experimentation is not in contradiction to (5.7), since we are measuring the
error of the wave function, not its observables.
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E
(k

)
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0.001 0.01 0.1 1
k
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1

10

100

1000

SP2

2 error

Figure 6.4: Log-log plot of error and time step size for ε = 0.0256. +++: Data points, —–: linear
regression; SP1 —–: Error2 = 55.01k1.02 SP2 —–: Error2 = 285.51k2.00



Chapter 7

Conclusions

This project aims to explain the methods presented in [BJM02] to an audience that is not familiar
with numerical analysis, spectral methods, or quantum physics. We begin with exploring the
motivation of the small-sclaed Planck constant 0 < ε ≪ 1, followed by proving a conservation of
mass result.

General splitting methods for ODEs are then defined, with the Lie and Strang splitting methods
being special cases. Order of convergence estimates are proved, and confirmed using computational
experimentaion. We present the application of splitting methods to the Schrödinger equation in the
time domain. The methods are discretized in space using a Fourier spectral method, and extended
to 2–dimensions. The entire time-splitting spectral method is proved to preserve the conservation
of mass law, and is therefore unconditionally stable. Furthermore, for constant potentials, the
splitting error is 0, and therefore the total error scales exponentially with the spatial step.

Finally, we perform a series of numerical experiments. As per [BJM02], caustics and singularities
are captured qualitatively well for h = O(ε). Extensions to higher numbers of spatial dimensions
are trivial, and a 2–dimensional example is shown. Time-independent but non-constant potentials
are shown to introduce a splitting error. However, the splitting methods allow for h = O(ε) and k
independent of ε.
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Appendix A

Mathematical derivations

A.1 An approach to the semi-classical scaling

In the Section 2.1, it is stated that certain limits of x and/or t are equivalent to converting from
the TDSE (2.1) to the semi-sclassical Schrödinger equation (2.2). This will be explored in more
detail.

Consider the time-independent Schrödinger equation with a time-independent potential

ℏ2

2m

∂2ψ

∂x2
+ iℏ

∂ψ

∂t
− V (x)ψ = 0.

The potential is kept time-independent since that is the only type of potential we are investigating
in this project.

Let us rescale the time and space variables as follows.

x = Lx′, and t =
L

v0
t′,

for L a length scaling constant, and v0 a velocity scaling constant. Note that these constants will
absorb the dimensions of the original x and t variables, resulting in dimensionless variables x′ and
t′.

We get the following transformations

∂2ψ

∂x2
=

1

L2

∂2ψ

∂x′2

∂ψ

∂t
=
v0
L

∂ψ

∂t′
.

Now, substituting in, dropping the primes, and simplifying,

ℏ2

2m

1

L2

∂2ψ

∂x2
+ iℏ

v0
L

∂ψ

∂t
− V (Lx)ψ = 0

ℏ2

2mLv0

∂2ψ

∂x2
+ iℏ

∂ψ

∂t
− L

v0
V (Lx)ψ = 0.
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Motivated by the ℏ2
2mLv0

term in front of the second derivative, set ℏ = εmLv0 for a real constant ε.

ε2mLv0
2

∂2ψ

∂x2
+ iεmLv0

∂ψ

∂t
− L

v0
V (Lx)ψ = 0

ε2

2

∂2ψ

∂x2
+ iε

∂ψ

∂t
− 1

mv20
V (Lx)ψ = 0.

This equation looks almost like the semi-classical Schrödinger equation (2.2) we are looking for.
However, we have conveniently ignored the buildup of terms in front of, and inside, our potential
term. The constant in front is easy to absorb into the potential: letting V = mv20V

′, we obtain a
dimensionless potential V ′, due to the fact that the units of the potential (and the entirety of the
TDSE) are of energy.

However, the factor of L in the potential is worrying, since we have no information about the
functional form of V . This dependence on L must be dealt with on a case-by-case basis. See
Section 2.1 in [BT03] for an example related to the Gross-Pitaevskii equation.

Therefore, replacing V (Lx) with V (x), we recover the time-dependent Schrödinger equation in the
semi-classical regime

ε2

2

∂2ψ

∂x2
+ iε

∂ψ

∂t
− V (x)ψ = 0.

A.2 Wigner functions and the free particle problem

In Section 6.1, Example 1 presents a particle in a constant potential V (x, t) = V0 ≡ 10, which is
also called a free particle, since ∇V ≡ 0.

This example is notable because the initial condition results in caustics forming when characteristic
lines intersect. We will investigate the analytical solution to this here.

We define the Wigner function of a wave function uε(x, t) as

wε(x, v, t) =
1

2π

∞�

−∞

uε(x+ ε
η

2
, t)uε(x− ε

η

2
, t)eiv·η dη.

This function has the property that its v–moments yield certain observables. Namely, the zeroth
moment gives the position density,

nε(x, t) =

∞�

−∞

wε(x, v, t) dv

and the first moment gives the current density,

Jε(x, t) =

∞�

−∞

vwε(x, v, t) dv.
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Furthermore, the Wigner function satisfies the following evolution equation [GM97]:

∂wε

∂t
+ v · ∂w

ε

∂x
− θ[V ]wε = 0 (A.1)

for θ[V ] a pseudo-differential operator with the property ∇V = 0 ⇒ θ[V ] = 0.

See [Leo10, Chapter 4] for a textbook explanation of Wigner functions, and [MMP94] and [GM97]
for more in-depth examples of Wigner functions applied to the semi-classical Schrödinger equation.
For our purposes, these results are enough to solve the following problem.

Let uε be such that

iε
∂uε

∂t
+
ε2

2

∂2uε

∂x2
− V (x)uε = 0,

with initial condition of the Wentzel-Kramers-Brillouin (WKB) form

uε(x, t = 0) = uεI(x) =
√
nI(x)eiSI(x)/ε

for

nI(x) = e−50(x−0.5)2 and SI(x) =
1

5
ln
(

e5(x−0.5) + e−5(x−0.5)
)
.

Then, for the classical limit ε→ 0, find

n0(x, t) := lim
ε→0

nε(x, t) and J0(x, t) := lim
ε→0

Jε(x, t).

Now, we have that the initial condition for (A.1) is

wε
I(x, v) =

1

2π

∞�

−∞

uI(x+ ε
η

2
)uI(x− ε

η

2
)eiv·η dη

=
1

2π

∞�

−∞

√
nI(x+ ε

η

2
)nI(x− ε

η

2
)e−

i
ε [SI(x+η ε

2
)−SI(x−η ε

2
)]eiv·η dη

taking ε→ 0, and by definition of the derivative, we get

w0
I (x, v) = nI(x)

1

2π

∞�

−∞

e−i d
dx

SI(x)·ηeiv·η dη

= nI(x)
1

2π

∞�

−∞

e[v− d
dx

SI(x)]·iη dη

and so, by the well-known identity

∞�

−∞

eiηx dη = 2πδ(x),
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we obtain the initial condition of the Wigner function for ε → 0, as given by Equation 5.4b in
[MPP99]

w0
I (x, v) = nI(x)δ

(
v − d

dx
SI(x)

)
.

Now, noting that dV
dx = 0, (A.1) simplifies to the one-dimensional advection equation

∂w0

∂t
+ v · ∂w

0

∂x
= 0. (A.2)

We notice that along characteristic lines x = vt + x0, w
0 is constant, and is equal to w0

I (x0, v) =
w0
I (x− vt, v). Therefore, we have that the solution to (A.2) is

w0(x, v, t) = w0
I (x− vt, v).

Finally, we can solve for the v–moments n0 and J0. First, note that

d

dx
SI(x) = − tanh(5(x− 0.5))

and so, let µnv (x, t) be the nth v–moment of w0(x, v, t).

µnv (x, t) =

∞�

−∞

vnw0(x, v, t) dv

=

∞�

−∞

vnnI(x− vt)δ (v + tanh[5(x− vt− 0.5)]) dv.

Let s = h(v) = v + tanh (5(x− vt− 0.5)) for constant x, t such that ds = h′(v) dv. Note that h(v)
is not monotone for t > 0.2, which means that h−1(v) can have multiple roots for some values of
x and t. Therefore, the delta function will have multiple contributions at multi-valued points. So,
by definition of δ(g(x)) =

∑
xi:g(xi)=0

δ(x−xi)
|g′(xi)|

µnv (x, t) =

∞�

−∞

vnnI(x− vt)
∑

vi:h(vi)=0

δ(v − vi)

|g′(vi)|
dv =

∑
v:h(v)=0

vnnI(x− vt)

h′(v)
.

The position and current density are the zeroth and first moment respectively, so

n0(x, t) =
∑

v:h(v)=0

nI(x− vt)

h′(v)
and J0(x, t) =

∑
v:h(v)=0

vnI(x− vt)

h′(v)
. (A.3)

This form of the solution is only as useful as it is easy to find the roots of h. Since tanh(x) ∈ (−1, 1)
for all x ∈ R, the solutions to h(v) = 0 ⇒ v = − tanh(f(v)) must also be in (−1, 1). This allows
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the computational implementation to be quite simple, since the range to look over is bounded and
fixed.

The plots of n0(x, t) and J0(x, t) in Figure A.1 reveal caustics for t ≥ 0.2. These caustics are
singular points of the observables, marking the transition where the characteristics of the Wigner
function w0(x, v, t) change behavior: outside the caustics, h(v) = v + tanh(5(x − vt − 0.5)) has
one root (no intersection of characteristics), while between the caustics, h(v) has three roots (a
three-fold intersection of characteristics).

Note that this is conditioned on t > 0.2 because

∂h

∂v
= 1 − 5t sech2(5(x− vt− 0.5)) and max

y∈R
sech(y) = sech(0) = 1,

so h(v) can have more than 0 turning points for some x iff 5t ≥ 1 ⇒ t ≥ 0.

Remark A.1. Since v is dependent on x and t, the characteristic lines of the advection equation
(A.2) are able to intersect. This is not the case for the usual one-dimensional advection equation
because v is constant.
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Figure A.1: Plots at various times of the analytical solution of the observables. Free particle potential
V (x) = 10; (i) t = 0; (ii) t = 0.1, before caustics form; (iii) t = 0.2, when caustics form;
(iv) t = 0.3, after caustics form;



Appendix B

Computational implementation

B.1 Main functions

These are the functions that are used throughout the project, most importantly the implentations
of the time-splitting spectral methods.

Listing B.1: 1-dimensional Lie splitting method (SP1)

def SP1( u0 , a , b , T, h , k , eps , V) :
xarr = np . arange ( a , b , h )
# T+k/2 i s the end so t ha t T i s the l a s t e lement
t a r r = np . arange (0 , T + k /2 , k )
u = u0
n = len (u)

mu = np . f f t . f f t f r e q (n , h) ∗ 2 ∗ np . p i
# tqdm i s a l i g h t −weigh t p rogre s s bar
for in tqdm( t a r r [ 1 : ] ) :

uhat = np . f f t . f f t (u)

# f i r s t s t ep : f i n d i n g Uˆ∗ from Uˆn
uhat ∗= np . exp ( −0.5 j ∗ eps ∗k∗mu∗∗2)
us ta r = np . f f t . i f f t ( uhat )

# second s t ep : f i n d i n g Uˆ{n+1} from Uˆ∗
u = np . exp(−1 j ∗ k / eps ∗ V( xarr , ) ) ∗ usta r

return u # only re turns the l a s t e lement

Listing B.2: 1-dimensional Strang splitting method (SP2)

def SP2( u0 , a , b , T, h , k , eps , V) :
xarr = np . arange ( a , b , h )
# T+k/2 i s the end so t ha t T i s the l a s t e lement
t a r r = np . arange (0 , T + k /2 , k )
u = u0

51
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n = len (u)

mu = np . f f t . f f t f r e q (n , h) ∗ 2 ∗ np . p i
V mult = np . exp ( −0.5 j ∗ k / eps ∗ V( xarr , t a r r ) )
l ap l a c e mu l t = np . exp ( −0.5 j ∗ eps ∗k∗mu∗∗2)

for in tqdm( t a r r [ 1 : ] ) :

# f i r s t s t ep : Uˆ∗ from Uˆn
ustar1 = V mult ∗ u

# second s t ep : Uˆ∗∗ from Uˆ∗
uhat = lap l a c e mu l t ∗ np . f f t . f f t ( us tar1 )
ustar2 = np . f f t . i f f t ( uhat )

# th i r d s t ep : f i n d i n g Uˆ{n+1} from Uˆ∗∗
u = V mult ∗ ustar2

return u

Listing B.3: 2-dimensional Strang splitting method (SP2)

def SP2 2D ( u0 , xgrid , ygr id , T, hx , hy , k , eps , V) :
t a r r= np . arange (0 , T+k /2 , k )
u = u0
nx , ny = xgr id . shape

# precomputing l a p l a c e and p o t e n t i a l mu l t i p l i e r s
mux = np . f f t . f f t f r e q (nx , hx ) ∗ 2 ∗ np . p i
muy = np . f f t . f f t f r e q (ny , hy ) ∗ 2 ∗ np . p i
mux grid , muy grid = np . meshgrid (mux, muy)
mu lap l a c e g r id = ( mux grid ∗∗2 + muy grid ∗∗2)

l ap l a c e mu l t = np . exp ( −0.5 j ∗ eps ∗k∗ mu lap l a c e g r id )
V mult = np . exp ( −0.5 j ∗ k / eps ∗ V( xgrid , ygr id , 0 ) )

for in tqdm( t a r r [ 1 : ] ) :
# Uˆn −> Uˆ∗
ustar1 = V mult ∗ u

# Uˆ∗ −> Uˆ∗∗
uhat = np . f f t . f f t 2 ( ustar1 )
uhat ∗= lap l a c e mu l t
ustar2 = np . f f t . i f f t 2 ( uhat )

# Uˆ∗∗ −> Uˆ{n+1}
u = V mult ∗ ustar2

return u
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Listing B.4: Current and position density

# sp e c t r a l d i f f e r e n t i a t i o n f o r the computation o f the current d en s i t y
def d i f f (y , dx , ord , a x i s =−1):

n = y . shape [ a x i s ]
# Sca led f r e qu en c i e s ( angu lar f requency )
k = np . f f t . f f t f r e q (n , d=dx ) ∗ 2 ∗ np . p i

# Compute the FFT of the func t i on
y hat = np . f f t . f f t (y , a x i s=a x i s )
# Sca le by ( i ∗k )ˆ ord to compute the d e r i v a t i v e in Fourier space
dy hat = (1 j ∗ k ) ∗∗ ord ∗ y hat

# Transform back to r e a l space
return np . f f t . i f f t ( dy hat , n=n , a x i s=a x i s )

def c u r r d e n s i t y (u , eps , dx ) :
grad u = d i f f (u , dx , 1 , −1)
return eps ∗np . imag (np . conjugate (u)∗ grad u )

def pos den s i t y (u ) :
return np . abs (u) ∗∗ 2

B.2 Experiments

This is the stripped-down version of the code used to generate the examples in Section 6.1, and the
experimental order of convergence data in Section 6.2. Many of the plotting functions have been
removed for brevity.

Listing B.5: Splitting method applied to Example 1

# i n i t i a l cond i t i on
def n 0 ( x ) :

a = −25 ∗ ( x − 0 .5 )∗∗2
return np . exp ( a )∗∗2

def S 0 ( x ) :
a = np . exp (5 ∗ ( x − 0 . 5 ) )
return −0.2 ∗ np . l og ( a + 1/a )

def u0 (x , eps ) :
return np . s q r t ( n 0 ( x ) ) ∗ np . exp (1 j ∗ S 0 ( x ) / eps )

# ep s i l o n and h va l u e s f o r each p l o t .
e p s v a l s = [ 0 . 0 0 6 4 , 0 .0001 , 0 . 0000125 ]
h v a l s = [1/64 , 1/4096 , 1/32768]

def V(x , t ) :
return 10
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T = 0.54
for i , ( eps , h ) in enumerate( zip ( ep s va l s , h v a l s ) ) :

xarr = np . arange (0 , 1 , h )
t a r r = np . arange (0 , 1 .1∗T, T)
# k = T so i t ’ s on ly one s t ep
uarr = SP2( u0 ( xarr , eps ) , 0 , 1 , T, h , T, eps , V)

pd = pos den s i t y ( uarr )
cd = c u r r d e n s i t y ( uarr , eps , h )

Listing B.6: Computation of the weak limit for Example 1, as per (A.3)

def dh(x , v , t ) :
sech2 = (np . cosh (5∗ ( x − v∗ t − 0 .5) ) )∗∗ ( −2)
return 1 − 5∗ t ∗ sech2

def h(x , v , t ) :
return v + np . tanh (5∗ ( x − v∗ t − 0 . 5 ) )

def f i n d r o o t s (x , t , v range , num guesses =100):
# un i va r i a t e func t i on f o r roo t
def u n i v a r i a t e h ( v ) :

return h(x , v , t )
def un iva r i a t e dh ( v ) :

return dh(x , v , t )
r oo t s = [ ]

v gu e s s e s = np . l i n s p a c e (∗ v range , 10)

for v0 in v gu e s s e s :
s o l = root ( un iva r i a t e h , v0 )
i f s o l . s u c c e s s :

v roo t = s o l . x [ 0 ]
i f not any(np . i s c l o s e ( v root , r ) for r in r oo t s ) :

r oo t s . append ( v roo t )
i f np . abs ( v roo t ) > 1 :

print ( ”WARNING:  abs ( root )  >  1” )
i f len ( r oo t s ) >= 3 :

break

i f len ( r oo t s ) not in (1 , 3 ) :
print ( f ”WARNING:  only  { l en ( r oo t s )}  r oo t s ” )

return r oo t s

def compute n (x , t , v range =(−1, 1 ) ) :
r oo t s = f i n d r o o t s (x , t , v range )
n0 va l s = [ ]
for v in r oo t s :
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de r i v = np . abs (dh(x , v , t ) )
de r i v = max( der iv , 1e−6) # avoid d i v i d e by 0
i f np . abs ( de r i v ) < 1e −6:

de r i v = 1e−6
n = n 0 ( x − v∗ t ) / de r i v
n0 va l s . append (n)

n0 = sum( n0 va l s )
return n0

def compute J (x , t , v range =(−1, 2 ) ) :
r oo t s = f i n d r o o t s (x , t , v range )
n0 va l s = [ ]
for v in r oo t s :

dh 0 = np . abs (dh(x , v , t ) )
i f np . abs ( dh 0 ) < 1e −6:

dh 0 = 1e−6
n = v∗n 0 ( x − v∗ t ) / dh 0
n0 va l s . append (n)

n0 = sum( n0 va l s )
return n0

The code for the other examples is not included, since the implementation is largely the same, and
the analytical solutions are explicit.

Listing B.7: Order of convergnece in k experiment in Section 6.2.

T = 3.072

e p s v a l s = [ 0 . 0 2 5 6 ]
k v a l s = [ 0 . 0 0 1 , 0 . 002 , 0 . 003 , 0 . 004 , 0 . 006 , 0 . 008 , 0 . 012 , 0 . 016 , 0 . 024 ,

0 . 032 , 0 . 048 , 0 . 064 , 0 . 096 , 0 . 128 , 0 . 192 , 0 . 256 , 0 . 384 , 0 . 512 ,
0 . 768 , 1 . 024 , 1 . 536 , 3 . 0 7 2 ]

# 2 in f i r s t a x i s to s t o r e SP1 and SP2 data
r e s u l t s = np . z e ro s ( ( 2 , len ( e p s v a l s ) , len ( k v a l s ) ) )

h = 1./32768
a , b = −2, 2

xarr = np . arange ( a , b , h )
k exact = 1e−5

for i , eps in enumerate( e p s v a l s ) :
# the f o l l ow i n g l i n e took a very long time to run − in prac t i c e ,
# outpu t s were p i c k l e d and s t o r ed .
e x a c t s o l = SP2( u0 ( xarr , eps ) , a , b , T, h , k exact , eps , V)
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for j , k in enumerate( k v a l s ) :
print ( f ” eps  = { eps : . 5 f } ,  k  = {k : . 5 f }” )
print ( ”computing  SP1  approximation . . . ” )
sp1 uar r = SP1( u0 ( xarr , eps ) , a , b , T, h , k , eps , V)
print ( ”computing  SP2  approximation . . . ” )
sp2 uar r = SP2( u0 ( xarr , eps ) , a , b , T, h , k , eps , V)

r e s u l t s [ 0 , i , j ] = np . l i n a l g . norm( sp1 uar r − e x a c t s o l , ord=2)
r e s u l t s [ 1 , i , j ] = np . l i n a l g . norm( sp2 uar r − e x a c t s o l , ord=2)
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